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GROUPS WHOSE HOMOMORPHIC IMAGES    ■

HAVE A TRANSITIVE NORMALITY RELATION

BY

DEREK J. S. ROBINSON(l)

ABSTRACT.  A group  G is a T-group if H <¡ K <¡ G  implies that H <¡ G, i.e.

normality is transitive.  A just non-T-group (JNT-gioup) is a group which is not

a T-group but all of whose proper homomorphic images are T-groups.  In this

paper all soluble J NT-groups are classified; it turns  out that these fall into

nine distinct classes.   In addition all soluble J NT-groups and all finite JNT-

groups are determined; here a group  G  is a  T-group if  H <3 K *3 L ^_ G  implies

that  zY <3 L.   It is also shown that a finitely generated soluble group which  is not

a  T-group has a finite homomorphic image which is not a   T-group.

1. Introduction and statement of results.

(1.1) Definitions. If P is a group theoretical property, a just non-P-group is a group

which is not a P-group but all of whose proper homomorphic images are P-groups; for bre-

vity we shall call these ]NP-groups.   For example, when  P  is commutativity, sol-

uble //VP-groups have been studied by Newman ([l6] and [17]) and also by Rosati

[21].

Denote by  T the property that normality is transitive; thus a group G has   T

if H <¡ K O G always implies that  H O G.  Hete  we are concerned with  J NT-

groups; these can alternatively be defined as the groups whose nonnormal subnor-

mal subgroups are core-free and form a nonempty set.

The principal  object of this paper is to classify the soluble //VT-gtoups. This will

be done by dividing the soluble ]NT-groups into  nine  types (and  eleven  subtypes).

While the descriptions of the different types vary in both complexity and precision,

a rather  clear picture   of the sttucture  of a soluble JNT-group emerges.

Notation.

(X  : À £ A):  subgroup generated by the (subsets) X ,  Àe A.

Y
X   :  normal closure  of  X  in   Y, i.e., the subgtoup generated by all conjugates

xy = y~ lxy, ix £   X, y £   Y).

[X, Y] = [X,    Y]:  commutator subgtoup genetated by all commutators  [x, y] =

x~Xy~Xxy  ix £  X, y £  Y).
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[X,.+ 1Y] = [[X;  .Y], Y].

Cff(X): centraliser of X in  H.

CÍC): centre of G.

R*: multiplicative group of units of R, a ring with unity.

FG: group algebra of a group  G  over a field  F.

~:  isomorphism of fl-operator groups.

X   :  additive   subgroup of a  ring generated by   X.

(1.2) The classification of soluble J NT-groups.  We shall now describe the

nine types of groups which can occur.

I. The nonabelian nilpotent groups all  of whose proper homomorphic images

are abelian(2), with the exception  of the quaternion group of order 8.

II. Let  L  be an abelian group of type  2     with generators  a  , a  , • • •   and

relations   a    = 1  and  a.    , = a..   Let  D = (d)  be a group of order  2.   Define  G to

be the group generated by the direct product  L x D and a cyclic  group   (t)  of

order 2 or 8 where  a1 = a~  , d' = a xd and /   = 1  or a2d for all a £ L.

III. Let  L  and D be as in II except that D may now have order 1.  Let X be

an extra-special 2-group generated by elements of order 2 and  let  C be the direct

product of  L x D and X in which   (a  )  and the centre  of X are amalgamated.

Choose an element a from Hom(X/(a  ), (a  )) and let  (/)  be a cyclic group of

order 2 or 8.   Define  G to be the group generated by  C and   (/)  where for all

a £ L and x £ X,

al = a-\       dl = axd    (if d / 1),        xl = x(x (a X)Y,

and

t2 = 1     or    «2a7    (if a"/ 1).

Moreover, if d / 1  we can  take  a = 0.

IV. Let  A  be an elementary abelian p-group of order  p     where  p is an odd

prime, and let  X  be the group of automorphisms  of A  determined by a diagonal

but nonscalar subgroup of GL (2, p).  Define  G to be the holomorph of A  by  X.

V. Let  P  be an  extra-special p-group of exponent  p, an odd prime, and let

7Z be an integer lying strictly between   1 and p.  Let \x^: X e A} be a basis for

P modulo its centre and define an automorphism  / of G by the rule *^=*x> (*^e A).

Define  G  to be the holomorph of  P by   (/).

VI. Let  A  be a group of type  p°° with generators a  , a  , ■ • ■   and relations

aK      - a. and a? = 1.  Let T be a nonperiodic group of p-adic integers all of which

are congruent to   1  modulo p.

(a) Form an extension  W of A  by T using the natural coupling of T to A.

Let   D be a nontrivial elementary  abelian p-group of automorphisms  of  W which

(2) Newman  [l7] calls these JN2-groups, however this conflicts with our present term-

inology.
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acts trivially on   (a.)   and   W/(a.).   Define   G to be the holomorph of  W by  D.  If

p = 2 and  — 1 £ T, then  in addition require that  t    = 1   or  a    where  — 1 —> tA  in

the isomorphism of T with  W/A.  If [Z), /] / 1, the possibility  t   = a    can be dis-

pensed with.

(b) Let p = 2 and — 1 e T, and choose a group (u) of order 2. Form an ex-

tension W of F = A x (zz) by T using the natural coupling of T to A, supplemented

by a —► (a —> k) if a = 1 mod 4 and a —» (a —> a u) if aA 1 mod 4; moreover, re-

quire that W = A and ? = a,zz where t is as in (a). Finally, form G as in (a) except that

D is allowed to be 1 and the centre of G should not contain any element of order

2 except  a..   [This last condition is automatically  satisfied in VI(a).]

VII. Let A and T be as in VI and let X be an extra-special p-group with gen-

erators of order p. Write E fot the direct ptoduct of A with X in which (a ) and

the centre of X are amalgamated.

(a) Form an extension W oí E by T in which W = A, using the natural coupling of

F to A supplemented by causing each a in T to correspond to an (outer) automorphism

of  X which acts trivially on   (a )   and  X/(a.).   Let  D be an  elementary abelian

p-group of automorphisms  of  W which acts trivially on   (a.)  and  W/(a  ).  Define

G to be the holomorph of  W by D and suppose  D is chosen so that the centre of

G contains no elements   of order p outside   (a.).   If p - 2 and  — 1 £ V, require

also that t   = 1 where  — 1 —» tE in the  isomorphism of V with  W/F.

(b) Let p = 2 and  —lei-1, and choose a group   (a)  of order 2.   Form an ex-

tension  W of  F = E x (u)  by T using the coupling of T to  £ described  in (a),

supplemented by a —, iu —► u) if  a s 1 mod 4 and  a —> iu —» a ^u) if a ¡¿ 1 mod 4;

moreover require that   W   = A  and  /    = a272 where  -1 —► tP in the isomorphism of

r with W/F.  Finally form G as in (a).

VIII. Let  X be a soluble T-group and let  A be a noncyclic abelian group

which is faithful and irreducible as an X-module (so that  A   contains no proper non-

trivial submodules).   Define  G to be the natural semidirect product of A  by  X.

IX. Let p be any prime and  let  F  be a subfield of the field of ¡b-adic numbers;

denote by  Q the field  of tational  numbers.   Choose  X to  be a group of p-adic

integet units   in  F  such that  X / (— 1 ) and  X    < Q + X    = F.  Define   G to be

the natural  semidirect  product of  F (as an additive group) by  X.

Our ptincipal conclusion is, then,

Theorem 1.   A group is a soluble ]NT-group if and only if it  is isomorphic

with a group of type I to IX.

(1.21) Power automorphisms and soluble T-groups.   The proof of Theorem 1

occupies §§3 to 7. Not  surprisingly, considerable use will be made of the theory

of soluble T-gtoups. We present next a summary  of the relevant facts from this

theoty.
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A fundamental concept is that of a power automorphism of a group; this is an

automorphism which leaves every subgroup of the group invariant, and so maps each

element to a power of itself.  A crucial result is that in an abelian group a power

automorphism maps elements of the same  order to the same power; moreover if an

element of infinite order is present in the group, the only nontrivial power automor-

phism is the involution a —► a~    ([7], [18, §4. l]).  An extensive study of power

automorphisms  of nonabelian groups  has been  made by Cooper [2].

If  G  is a soluble T-group, then  it is   metabelian [18, Theorem 2.3.1].   Also

L = [G', G] is the last term of the  lower central  series, G/L  is a Dedekind group

(i.e. every  subgroup is normal) and CC(G ) = C AD is the Fitting subgroup of G.

Noncommutative soluble T-groups are divided into three classes:

(a) periodic groups,

(b) nonperiodic groups of type I, i.e. groups  in which the centraliser  C of the

derived subgroup  is  nonperiodic,

(c) nonperiodic  groups of type II, i.e.  groups in which  C  is periodic.

If G is a periodic soluble T-group and L = [G , G\, then L and G/L do not

contain elements with the same odd prime order ([7], [18, Theorem 4.2.2]): also

the 2-component  of  L  is radicable.

If  G  is a soluble T-group  of type I and  C = C   (G ), then  C is abelian and

G = (/, C)  where  \G:C\ = 2,  c' = c~l for all  c £ C, and   (t2, C2) = (r2, C4)

[18, Theorem 3.1.1].

If  G  is a soluble T-group of type II, somewhat less is  known of its structure.

However  C = CÁG ) is abelian, G'  is radicable and  C = G   x B  where  B  lies in

the centre  of  G.   If  G    contains an  element of prime  order p, the p-component of

B  has finite exponent,  say p        , if  x e G, then  x induces  in the p-component  of

C the  power automorphism  a —» a    where  a  is a p-adic  integer unit  satisfying

a = 1 mod p        , here,  of course, aa is understood to mean   a        where  a     is an

integer congruent to  a modulo the order  of a [l8, Theorem 4.3.1]-

(1.3) Remarks on the classification.

(1.31) Nilpotent just nonabelian groups.   These groups—which include the extra-

special groups of Hall and Higman [lO]—occur in  our classification and deserve

comment.

Let  G be a nilpotent just nonabelian group and let Z be its centre.  Then,

as Newman has shown in [17], G is a p-group, Z is either cyclic or quasi-cyclic

and G/Z is elementary abelian; moreover, G   lies  in Z and has order p.  Let

¡x. Z: X £ A¡ be a basis for G/Z and let  G' = (a).  Then

(D &V*/1 = «'<X'«

If we regard  G/Z as a vector space over GF (p), then / is a nondegenerate alter-

nating bilinear form.   Also  xp £ Z  and it may  be shown that  x^  can  be  chosen



1973] HOMOMORPHIC IMAGES AND TRANSITIVE NORMALITY 185

so that either x? = 1  or x£  generates   Z [17, Lemma 3].   Indeed one can write

xp
A

down generators and relations for G  by utilising (1), the position of the x^ and

relations sufficient to make   VG , G] = 1.  Newman  also proves that  if  G is count-

able,   it is a central product  involving three rathet simple kinds  of groups [17,

Theorem 5].

It should be mentioned that soluble  just nonabelian groups which are not

nilpotent  have also been  discussed by Newman [l6]; these  occur under our type

VIII heading unless they are  metacyclic.

(1.32) Faithful irreducible representations. In connection with groups of type

VIII it is desirable to know which soluble T-groups X can act faithfully and irre-

ducibly on an abelian group A. Of course in a situation of this kind A is neces-

sarily isomorphic with the additive group of a vector space, i.e., it is either an

elementary abelian /2-group or a direct product of copies of the additive group of

rational numbers. In the former event the problem reduced to the case where X is

abelian.   This is because of

Lemma 1.   Let  F be a field and let X be a soluble T-group.

(i) If X  is abelian, it has a faithful  irreducible representation over F  if

and only if there is an extension field E  of F such that X ~ Y < E*  and E = FY.

(ii) /t2 general, X has a faithful irreducible representation over F if and

only if the centre  of its  Fitting subgroup has such a representation.

Proof,   (i) The proof is well known and we omit it.

(ii) We recall first that the Fitting subgroup N oí any T-group X (whether

soluble or not) is nilpotent and coincides with CX(X') [18, Lemma 2.2.2]. Write

C  for the centre  of  N.

Suppose first that thete exists a faithful irreducible (right) FX-module  M.  Let

0 / a £ M  and  D = CNia).  Since   N is nilpotent, D  is subnormal in  X  and hence

D<¡ X.   Therefore   D  fixes  ax for all  x £ X, which shows that  D acts trivially

on  M and  D = 1    since   M   is  irreducible and faithful.  Consequently  M  is fixed-

point-ftee with respect to each nonunit element  of  N.

Assume now that  N is nonpetiodic.   If X  is abelian, C = N = X and  M  is

already a faithful irreducible FC-module.  Let  X be nonabelian—and thus a soluble

T-group of type I.  It follows from the  structute theory of these groups (§1.21) that

N = C is abelian and X = (x, C) where ax = a~    if a e C, and x    e C.  Suppose

that  M j  is a proper nonzero FC-submodule of M; then M.x is also an FC-sub-

module because  C< X.  Since x    e C, we see that M. + ALx and  M, O M.x are

FX-submodules of M; hence  M. O M.x = 0 and  M = M    © M.x by the irreduciblility

of M.  If M2  is a proper nonzero FC-submodule of M., then  M = M. ® M.x by the

same argument,  with the result that M.=M.C\ÍM(& M.x) = M?.  Therefore M,
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is an irreducible FC-module;   it is faithful because   M  is fixed-point-free.

Now suppose that  N is periodic.   Let   Y be a finitely generated—and therefore

finite-subgroup of  C.   Choose  a / 0 from   M; then  (a)FY has finite  dimension over

F,   so it contains an  irreducible FY-submodule,   say  L.   Since the action of N is

fixed-point-free, L  is faithful.   Consequently, by the first part of this lemma,  V  is

isomorphic with a  finite subgroup of an  extension  of the field  F, which implies

that   Y is cyclic and   C locally  cyclic.   Let  F be the algebraic closure  of  F.

Then the torsion-subgroup of F* is a direct product of p   -groups, one for each p

not equal to the characteristic  of  F.  We can identify  C with  a subgroup of  F*.

Having done this,  define  E to be the subfield of F generated by  C.  Since  F is

algebraic over   F, an FC-submodule of  E is an  ideal.   Thus   E  is an  irreducible

FC-module,  and it is obviously faithful.

Conversely,   suppose  M .   is a right  FC-module  which is faithful  and  irreduc-

ible; the problem is to  construct an FX-module that is faithful and  irreducible.

First we form the induced FX-module

l=Mx  ®FC (FX)

and then  we choose an FX-composition  series  for  /; here the term composition

series (or system) is used  in  the general sense of Kuros [14, vol. 2, §56].   The

composition factors are irreducible FX-modules,   so  we  can  assume that none  is

faithful. Now refine the series to an FC-composition series.  If  1 / S <i X, then

S D C / 1; for S n X' < S n C  (since  X  is  metabelian) and  S n X' = 1  implies

S < C.   It follows  that  none of the FC-composition factors can be faithful as FC-

modules.   It is straightforward to  show  that an irreducible FC-submodule  of  / is

FC-iso"morphic with one  of the factors of the FC-composition  series, and hence is

not faithful.

However, if ig. : X e A|  is a transversal to   C in  X, with say g.     = 1, then
A A 0

/ ~ Dr ÍMX   ®FCÍFC)gx)
Xe\

and  M     ®Fr (PC)g.      —   M., which gives the contradiction that  M.   is not faith-

ful.   This completes the proof.

Returning to the discussion of groups  of type VIII, we see that Lemma 1 (with

F = GF (p)) gives a complete description of the possible groups  X when A  is an

elementary abelian p-group, although not in group theoretical terms if A is infinite;

when A is finite the only restriction on the soluble T-group  X is that the centre

of  CAX') be cyclic of order prime to p.

However, when  A   is a direct product of copies of the additive group of rational

numbers   (Q), the situation  is less clear.   Here the following theorem of Baer [l,

Proposition]  is  relevant:   a locally finite group  cannot act as an irreducible group

of automorphisms of a torsion-free abelian group A / 1.  This tells us, at least,

that  X cannot  be periodic.
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(1.33) Groups of type IX. While it would ptobably be difficult to give a purely

group theoretic charactetisation of G in this case, some possibilities can easily

be obtained.

Let   F be a subfield of  F , the field  of p-adic numbers, let  R     be the ring of

p-adic integers and define  R = Ffl R  ; now define  X = R*.  Clearly  X    < R.   Let

r £ R; if  r / 0 mod p, then  r £ R* = X; if r = 0 mod p, then   1 + r e R* = X and

r £ X   .   Therefore X + = R. Also R is not a field because   1/p 4 R, so X    / F.  Finally,

let f £  F; we can write  f = q + u where   q £ Q (the field of rational numbers) and

u £ R  .  Since  Q < F, we have  u = f — q £ F, so u £ F n R   = R.  Consequently,

F = Q + X   .   The natural semidirect product of  F with X is of type IX.  For example,

we could take  F = F^  and X = R* .
P P

On the other hand, in a group of type IX the subgroup  X cannot be periodic.

For suppose that  X is periodic; then   (— 1) / X < R*   and the structure of R*

show that  X  is cyclic  of otder  m > 2  dividing p — 1  where  p  is odd.   Thus  F =

Q + X     is a finite extension of  Q.   If  X = (x), the irreducible polynomial of x is

cyclotomic.   Hence each  element of  F  can be wtitten in the form  r + £"_, 72.x*> i = 1    i

where  r is rational, n. integral  and  n = cpirn) > 1.   But x/p has no such «presen-

tation since   1, x, ...,xn~     are linearly independent.

2. Preliminary results.  In this section we shall collect results of a general

nature about J NT-groups as well as some technical lemmas necessary for the

classification.

(2.1) Some properties of JNT-groups.   Our first result indicates the complex

subnormal structure of /NT-groups   in general.

Lemma 2. To each group G there corresponds a ]NT-group G* with sub-

groups H and K such that K <3 H and H is subnormal in G* with subnormal

index < 4 while  G ~ H/K.

Proof.   The first step is to embed  G  in a nonunit perfect group  G.   such that

G  is subnotmal  in  G,  with  subnormal index  < 2; that this is possible is a theorem

of Dark [3].  Write  Z for the set of integets  in their natural  order and form the

standard wreath powet  G? = Wr G ^ .   The order-automotphism  72 —> « + 1 of Z

gives rise to an  automorphism  í of  G, permuting the copies of G.   in the same

way.   Finally, let  G*  be the  holomorph of  G2 by   (t).

Let  Z    and  Z    be the sets of negative and nonnegative integers  in natural

order.   Then

(2) G2 ä (Wr Gf1)   \   (Wr g\A

where now not all the wreath products are standard; for these and other results

about wreath products see P. Hall [9].   The base group L  of the wreath product

(2) has  G    as a homomorphic  image,  so that G. ^ L/K for some  K<3 L. Hence
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there exists a subgroup H of L  such that  G ~ H/K and  H is subnormal in  L

with subnormal index  < 2.   Clearly  H is subnormal in  G*  with subnormal index

<4.

To show that  G* is a /NT-group observe first that   G?— and hence G*-is not a

T-group.  Also it follows by arguments of P. Hall [9, p. 183] that G* is monolithic(3)

with G2   as its monolith; here  G2 is perfect since  G.  is, so  G. = G'    Hence

every proper homomorphic image of G    is abelian.

Corollary.   There exist JNT-groups with unbounded subnormal indices.

In contrast to this there is

Lemma 3.   A JNT-group  G has all its subnormal indices < 2  if one of the fol-

lowing conditions is satisfied.

(i) G contains a nontrivial normal abelian subgroup A.

(ii) G contains a minimal normal subgroup  N which itself contains a minimal

normal subgroup  N ..

Proof.   Let H be a nonnormal subnormal subgroup of G.  Suppose that (i) is

valid.  Since AHO G, we have

[A, H]g <[A, AH]= [A, H]

tot all g £ G.  Hence  [A, H] <3 G and  [A, .H] <J G for each  i > 1.  Therefore

f/[A, .//] <a G provided [A, ,/i] / 1. Now if s is the subnormal index of H in  G,

then [A,    W] < H, so that [A,    H] = 1.  Let  z be the  least integer for which [A,

M] = 1.   Then  i > 0  and  H[A, ¿_jW]< G; but also  W < W[A, t._j//], so  the result

follows.

Now suppose that (ii) is valid. Clearly N is the direct product of N. and

certain of its conjugates. Therefore N is simple. If N is abelian, so is N

and the result follows from (i). If N . is nonabelian, a theorem of Wielandt [22]

shows that N normalises  H, so H <¡ HN<¡ G.

These  may be compared with the (more elementary) fact that a non-T-group

whose proper subgroups are all T-groups has its subnormal indices < 2 [20].

We shall now consider the possibilities for minimal normal subgroups in //VT-

groups.

Lemma 4.   Let  G be a JNT-group:

(i)  the number of minimal normal subgroups of G  equals  0, 1  or 2;

(ii)  if this number equals  2, both  minimal normal subgroups are cyclic of the

same  prime  order;

0) A group is monolithic if the   intersection of all  its nontrivial normal subgroups is

nontrivial; this intersection  is then  called the monolith.
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(iii) if G has at least one  minimal normal subgroup, each nontrivial normal

subgroup of G  contains a minimal normal subgroup of G.

Proof.   Throughout  H denotes a nonnotmal  subnotmal subgroup of G.  Let  M

be a minimal normal subgroup of  G and let  N  be a nontrivial normal subgroup of

G not containing  M; thus  M n N = 1.  Clearly M ~MN/N and, since  G/N is a T-

group, this shows that  M  is simple.  Now  M <H would imply that  H <3 G; there-

fore  H n M = 1.  Also (W n A/)M < G, so that

[H r\N,   G}< ÍÍH n N)M) O N = H n /V

and  H H A/< G.   Thetefore  f/ n /V = 1.   If M  is not abelian, a theorem  of Wielandt

[22] shows that   [/f, M] = 1.   In this case

H nÍMx N)< CM><NÍM) = N,

and   H n ÍM x N) = 1   since   H n N = 1.  However this implies that  H = (WM) O

(H/V), and since  HM <l G and  HN < G, the contradiction f/<i G is obtained.  Thus

M  is abelian and therefore cyclic of prime  order, say  p.  As we have just seen,

H. - H n ÍM x N) cannot be trivial; obviously, H    is subnormal in  G.  Since

H n/V= 1,

Hx ~HXN/N < ÍM x N)/N ~Ai,

which   shows that   H    has otder p.  Next  H O M = 1, so

tf i ~ HjM/M < ÍM x /V)/M =* N,

which shows that  N contains a subnormal subgroup  zY .   of order p.   But  MN   < G,

so [/V  , G] < ÍMN  ) n N = N    and  N .<G.  Hence  N contains a minimal normal

subgroup of  G, namely   A/..   Moteovet, if  N  itself is minimal  notmal in  G, then

N = N.  and  \M\ = p = |N|.  Thus (ii) and (iii) have been proved.

Finally, let L, M and A/ be three distinct minimal normal subgroups of G. All

three must have the same ptime otder p. Let g £ G; then g induces in the elemen-

taty abelian p-group (M x N)L/L a power automotphism of the form x —► x". Since

M ~ LM/L and A' ~ NL/L, it follows that g induces x —> x" in M and in .A/.

Thetefore every subgroup of M x N is normal in G and, in particular, H n ÍM x N)

<1 G. Hence H n ÍM x N) - I, which is a conttadiction. Thus G can have no more

than two minimal  normal subgroups.

For example,  soluble /A/T-groups  of type IX possess no minimal normal  sub-

groups, those of types I—III and V—VIII have one (and so are monolithic) and

those of type IV have two.

A /NT-group with two minimal normal subgroups, and any soluble ]NT-group,

has its subnormal indices  < 2; these statements follow from Lemmas 3 and 4.
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Next we record two technical lemmas about //VT-groups which will prove

valuable.
i

Lemma 5.   Let  M  and N  be normal subgroups of a JNT-group  G.  If one of the

following conditions holds, then either M  or N  is trivial.

(i) M and N are periodic and do not contain elements with the same prime

order.

(ii) M  is periodic, N  is torsion-free and G/N  is periodic.

Proof.   Let  H denote a nonnormal subnormal subgroup of  G  and let  M / 1   and

N / 1.   Both (i) and (ii) imply that  M O N = 1; thus   (H O M)N <¡ G implies that

[H n M, G] < H n.M  and so H n M = 1.  Similarly H n N = 1.  If (i) is valid, H n

ÍM x N) = ÍH n M) x ÍH n N) = 1, which gives H = ÍHM) n (HN)< G. If (ii) is valid,

then H is periodic since H ^ HN/N; therefore  HM is periodic  and ÍHM) O N = 1,

which implies that ÍHM) D ÍHN) = H and  H <¡ G.

Lemma 6.   Let  N <¡ G  where  N  is abelian and each of its primary components

is either elementary abelian or of infinite exponent.  Assume that every subgroup

of C AN)  is normal in  G.   Then  G  is not a JNT-group.

Proof.   Suppose  G  is a JNT-gtoup and  let  H be a nonnormal subnormal  sub-

group of  G.   Then  H / CGÍN), so  there exists   h £ H such that  [N, h] / 1.   The

element  h induces a nontrivial power automorphism  in   N, since  N < CAN).   If N

is not periodic, ah = a~ l for all  a e N  (see §1.21) and  [N, .h] = N2'.  If s is the

subnormal  index of  H in  G, then  H > N      > 1, which  implies that  H<\ G.   Thus

N  is periodic  and for some prime  p  the p-component  P  is not centralised by  h.

There is a p-adic integer  a  such that  a    = aa tot all  a £ p   [18, Lemma 4.1.2].

With  s  as before, H > P(a~        and consequently  P^a~   '   = 1.  However this im-

plies that either  P  is elementary abelian and  a = 1 mod p  or  P  has infinite expo-

nent and  a = 1; in each case  [P, h\ = 1.

(2.2) Splitting criteria.   The following partial generalisation of the Schur-Zas-

senhaus theorem is well known—see for example [4, Theorem 3] or [18, Lemma

5.1.1].   It will only be required, of course, in situations where  G is soluble.

Lemma 7. Let N <¡ G where G is locally finite and G/N is countable. Sup-

pose that N and G/N do not contain elements with the same prime order. Then

N has a complement  in G.

However, we shall encounter situations where this splitting criterion is inade-

quate.   The following result is particularly useful for splitting groups over non-

central minimal  normal  subgroups; it  is based on an idea of M. F. Newman [16].

Lemma 8.   Let A  and N be normal subgroups of a group  G such that A < N

and [A, N] / 1.  Assume  in addition that  N  is metabelian and that every sub-

group of N/A   is normal  in  G/A.  Suppose that A   is isomorphic with the additive
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group of a vector space over a prime field and that  A  contains no proper non-

trivial G-invarianl subspaces.   Then A  has a complement in G.

Proof.  We show first that A  has a complement  in  N.  Let  C = CAA); since

[A, N] / 1, we can find age N\C.  Since  every  subgroup of N/A  is normal  in

G/A, thete is for each  x e G  an integer n  such  that  gx = gn mod A.  Since  A  is

abelian, [a, g]x = [ax, gn] £ [A, g].   It follows that   [A, g] < G, and for a similar

reason   C . ig) <3 G.   Ii A  is regarded  as a vectot space over a prime field,   then

[A, g] and  C.(g)  are subspaces invariant under  G.   Hence

C^(g)=l     and     [A,g]~A.

The mapping a —► [«, g] is therefore an automorphism of A.

Next, define for any g £ N \C

Xg = |x: x eN,   Vx,g,g]= li.

Let  x and  y  belong to  X  .   Since   N is metabelian,

Vxy, g, g] = Wx, gWy, g], g] = [x, g, gy     V = [x, g, g]y = 1

and

[x~l,gi g]= Wx, g]   x~  , g]= [x, g, gY

Thus  X     isa subgroup.   Indeed  X    is a complement of  A  in  N.  For let x e N and

a £ A; then [ax, g, g] = [[a, g]x[x, g], g] = [a, g, g]x[x, g, gl.  Now  N/A is a Dede-

kind group, so  it is nilpotent  of class < 2 and [x, g, g] e A.  Since a —> [a, g] is

an  automorphism of A, it follows that given  i in  N  we can choose  a from A   so

that  ax e X  .   Consequently  N = AX .   If x e A D X  , then  [x, g, g] = 1, which

implies that  x = 1.   Thus  A O X    =1  and  X     is a   complement  of  A   in  N.

Denote by  K  any  complement of  A  in  N; we shall prove  that   K = X     for

some  g e N\C.  Since  A  is abelian  and  A/ = AK, thete exists  a g  in  K such  that

[A, g] ^ 1.  Now   K ~ N/A, which is nilpotent of class  < 2; hence   K < X .  Since

X    is also a  complement  of  A   we obtain   K = X  .g r > g

Next, all complements  of A  in  A/ are conjugate in A/.  For consider two such

complements  X    and  X    whete g and h come ftom A/\C. The mapping a —» [g, a,

/>, />]  is an  automorphism  A.  Since   [g, h, h\ e A, there exists an  a in A such that

(3) [g, h, h]-l = Vg, a, h, h]:

with  this   a we compute

Vga, h, h] = [gVg, a], h, h] = Wg, b][g, a, h], b] = [g, h, b][g, a, b,b]=l

by (3).   Hence ga £ X      Also  X,   is nilpotent of  class  < 2, so  X    < X      = (X  )".

Since  X     and   Xa   are  both complements  of A   in  N, they are equal.
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Finally, we shall show that A has a  complement in G.  To this end,  let  K

be a complement  of A   in   iV and let g £ G.   Then   K8       is also  a  complement of

A  in  N, so  K8      = Kh tot some ieN.  Hence  hg £ NGÍK) and

G = NÍNGÍK)) = (AR)/VG(X) = ANGÍK).

But A n A/C(K) = NAÍK) = CAÍK), since  A n K = 1.  Hence A n NG(X) = 1  and

N AK) is a complement of A  in  G.

3.  Nilpotent //VT-groups.  Let G be a nilpotent /NT-group; we shall prove that

G is of type I.  Suppose first that g is an element   of infinite  order in  G such

that   (g) <] G.   Then   (g    ) < G and if  z > 2, the  group  G/ (g    )   is  Dedekind and

contains elements of order 21 > 4.  Hence  G/(g    )   is abelian and this causes  G

to be  abelian.  Consequently the centre of G is periodic and by Lemma 5 it is a

p-group  for  some  prime  p.   Hence there is a  minimal normal subgroup  N  of  G

which  lies   in the centre and has order   p.  Suppose that gN is an element in  G/N

with  infinite  order.   Then  L = (g, N) o G  and  L = (g) x N.   Thus   Lp = (gp)   is

an infinite cyclic group and  Lp <1 G.   This is  impossible, so  G/N— and hence   G —

is periodic.   Therefore  G is a p-group.

Assume next that there exists M<\ G such that M / 1 and N ■/ M.  Then

MON= 1 and at least one of G/M and  G/N is hamiltonian, from which  it follows

that p = 2  and  G  is a 2-group.   Let  W  be a nonnormal  subnormal subgroup of  G

and choose from H an element h of order 2.   Then hM and A/V generate normal

subgroups of  G/M and  G/N respectively,   in each case with  order 1 or 2.   There-

fore h  belongs   to the centre  of  G  and   (h) <l G, which  shows that  H <¡ G.  We

conclude that  G  is monolithic with monolith  N.

If G/N is abelian, G is just nonabelian and therefore of type I.  Assume G/N

to be  hamiltonian.   Then again  p = 2  and  G  is a 2-group and   |/V| = 2.  Write

G/N = (Ö/N) x (F//V)

where   Q//V  is a quaternion  group of order 8 and  E/N is an elementary  abelian

2-group.   Let  z'/V, jN and  &/V  be  a  canonical set of generators for  Q/N.   Thus  /' =

/'        or  /*"  a where  a £ N.  Since   N lies  in the centre  of  G, we  obtain  /'    = /

in either case.  By the  same reasoning   i    commutes with k, with the result that

i2  is in the centre of Q = (i, j, k, N).  Let  e £ E; since [Q, E] < N, the mapping

xN —> [x, e]  is a homomorphism of  Q/N into  N.   The  kernel must be nontrivial,

so it  contains   i N.   Thus  [i  , E] = 1  and because  G = QE the  element   i    lies

in the centre  of  G.   Since   i   / 1   and  N is the monolith of  G, we can  conclude

that  N < (i   ).  Moreover  z'/V has order 4, so  i has order 8 and  N = (i   ).  Hence

iJ = i~l = i1  or  z'7 = i~   i   = i ; but  i    = (i )' = ii')   = i     in either case,  giving

the contradiction   z    = 1.   This   case cannot, therefore, arise.
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4.  Soluble /NT-groups without minimal normal subgroups.  Let  G be a soluble

]NT-group which  is not nilpotent and write   L = [G', G].   Then  L / 1, so  G/L  is

a Dedekind group; L  is also the limit of the  lower central series of G.  We shall

assume throughout this section that  L  contains no minimal normal subgroups of

G, our aim being to show that  G  is of type IX.   This will be achieved by means   of

the following programme:

(i) L  is torsion-free and abelian.

(ii)  L  is  rationally  irreducible with respect to  G, i.e. every nonttivial normal

subgroup of  G that is contained in  L  has periodic factor group in   L.

(iii) L is radicable.

(iv) G is of type IX.

If 1 /- N <d G, then G/N is a soluble T-gtoup and hence is metabelian.  Thus

G    < N and  G     is either   1   ot the monolith of  G; the latter is impossible since

G    < L.  Consequently  G  is metabelian, so  G —and hence   L— is abelian.

If  L  is not torsion-free, there is a prime  p  such that the subgroup  P = \a; a e

L, a'' = li is not 1.   Cleatly  P O G, and since   P  cannot  contain a minimal normal

subgroup of G, there is an  infinite chain of nontrivial normal subgroups  of G,

P = Pj>P2>...> Pa> ...,       (a</3),

such that

(4) O   Pa= 1;
a<íí

here ß is necessarily a limit ordinal.  Let g £ G; since  G/P    is a T-gtoup, g

induces in  P/P    a power automotphism.   Should g  centralise P/P2, it will centralise

every  P/P    and hence  P; for g  must induce  in  P/P. an automorphism  a —-» a"

where  tz  is independent of  a, since  P  is elementary abelian.   Therefore CAp/pA

= CAP).  Consequently  G/CAP) is  cyclic  of  order dividing p — 1, and, if

1 ■/ a e P, then a     is finitely generated and therefore finite. However this would

imply that  a     contained a minimal  normal  subgroup of  G, contrary to hypothesis.

Next we prove that  L  is rationally  itreducible with  respect to  G.   If this is

false, there surely exists an infinite chain of nonttivial normal  subgroups  of  G,

L = Lj > L2 >•••> La>..-,       (a</3),

such that  L/L.  is not periodic  and

(5) QLa=l;

again /3 is a limit ordinal.  Let  a> 2;  now (G/La)  =G /La>L/La, so G/La is

a  soluble T-group of type I.   Let  C = CAL); then certainly  C centtalises   L/L  .

Now if H is any T-group,  CHÍH') = CH([A, W]) [18, Lemma 2.2.2].  From this we

deduce that  C < CAG'/LJ.  Let g e G\C—note that  C / G because  G is not
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nilpotent.   Then g  does  not centralise   G'/L     if  a is large enough.   From the

structure of soluble T-groups of type I (§1.21) it follows that  C/L     is abelian and

g  induces   in  C/L a the automorphism  a —> a~     for each a > 2.   By (5), C  is abel-

ian and c8 = c~    for all c £ C and g £ G\C.  This implies that every subgroup

of  C is normal  in  G  and Lemma 6 yields the contradiction that  G is not a /NT-

group.

We wish now to establish that  L  is radicable.  Supposing this to be false, we

can find a prime p such that Lp < L.  Here p must be  odd, for  L/L    is radicable

by Lemma 2.4.1 of [18].  Now G/Lp  is a nonabelian soluble T-group in which the

elements of finite  order form a subgroup (since  L/Lp  is periodic and  G/L  nilpo-

tent).   If  G/L  is  not periodic, G/Lp  is  soluble   T of type II [18, Corollary 2,

Theorem 3-l.ll and  L/Lp   is radicable [18, Theorem 4.3. l].   This is impossible, so

G/L  is periodic.

If  Lp     is the intersection of all the subgroups   Lp , then  L/Lp     is torsion-

free since   L  is; the rational irreduciblility of  L  now implies that  Lp    = 1.   If

x£D= CAL/Lp), then x induces in each  L/Lp    an automorphism with order a power

of p.  Since  G/L  is periodic,  we conclude that  x induces in  L  an automorphism

with  order a power of p.   If C = CAL), then  D/C is a p-group.  However  G/Lp  is

a periodic soluble T-group and therefore  G/L  can have no  elements  of order p

[18, Theorem 4.2.2].  Since  L < C, it follows that  C - D.   Therefore  G/C is a

cyclic group of order dividing p — 1.  Let   1 / a e L  and set A = a   .  Then A  is

free abelian of finite rank.   Suppose now that  G/L  contains an element with odd

prime  order  q.   Then  G/Aq is periodic  and G/L  and  L/Aq both contain an ele-

ment of order q, contradicting Theorem 4.2.2 of [18].   Consequently  G/L  is a 2-

group.

Let g be any element of  G\C. Then g induces in  A/ A      a power automor-

phism whose order is a power of  2 and divides  Aiy) = 2- 3*~   ; hence g must

induce the  identity  or  a —> a"   , the latter being the only power automorphism of

order 2.  The intersection of all the A3    is   1  since A  is free abelian; thus  a8 =

a,      for all  a.   in  A   unless   [A, g] = 1.   Since  L/A  is periodic and  L  is torsion-

free, it follows that

(6) as = fl-1       (a e L, g e g\C).

Next  L = L2; thus  L/A    has a subgroup of type  2°°.  Let  i be an integer > 2

and let P/A      denote the subgroup of all elements  of L/A      which have odd

order.  Then P < L  and L/P is a radicable abelian 2-group.   C/A      centralises

L/A2', and hence  G'/A    , so it is Dedekind;  but   C/A      also has a factor of type

2°°, which causes  it  to be abelian.   Therefore   C  is abelian.   Let us write

(7) C/A2' = ÍP/A2')xíE/A2')
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where   E/A      is a 2-group—recall here that  G/L is a 2-group.   G/P  is a 2-group

which is not'Dedekind.  Let g £ G\C; then g cannot centralise  G'/P since ele-

ments of L/P are transformed by g  into their inverses and  L/P is radicable.

From the sttucture of soluble 2-groups with  T [18, Lemma 4.2.1] we know that

g  P belongs to the centre of  G/P  and hence g    centralises  E/A    .  Also g

centralises  L  by (6), so g    centralises  P.  By (7),  C/A2' is centralised by g2 for

each  z; thus g    centralises  C.  In addition, g induces a nontrivial power automor-

phism in  C/P  since g does not centralise  L/P.  Once again we invoke the struc-

ture of  soluble 2-groups  with  T and conclude that every g  in G\C induces  a —»

a~     in  C/P.  If c e C and g e G\C, then  c8 = c~  a where  a £ P; therefore

c = c82 = (Cs)-V A (c-'aA'a- A Ca-2

since C is abelian. Since L is totsion-free, a = 1 and c8 = c~ . It follows that

every subgroup of C is normal in G. Lemma 6 provides the contradiction that G

is not a /A/T-group.   L  is therefore radicable.

Lemma 8 can now be applied with A = L  and N = G; observe here that by

rational  irreducibility there are no proper nonttivial  radicable subgroups of  L

that are normal in  G.   Hence  L  has a complement in  G, say  X;

G = LX    and    L O X = 1.

Suppose that  X does not act faithfully on  L, i.e. D = C AL) / 1.  Notice that

D< LX = G and that G/D is a T-group.  Now  G' / D and G'D/D > LD/D ^ L,

so G/z9 is a soluble T-group of type I.  If g e G\C, then ae = a~    for all a in  L

in view of the structure of soluble T-groups of type I and because  L  and  LD/D

are isomorphic  as G-operator groups.  Rational irreducibility now forces  L to be

isomotphic with  Q, the additive group of rational numbets.   Let  M  be a subgroup

of L  such that  L/M is isomorphic with  Q/Z, where  Z is the subgroup of all in-

tegers.  Then M < G and  C/M is abelian.  An element g oí G\C induces a —►

a~     in  L  and thus in  L/M; also g  induces a powet automotphism  in  C/M which

must agree with  a —> a~     on   L/M.  Since   L/M has elements of evety finite order

and power automorphisms  map elements of the same  order to the same power, g

must induce  a —► a~     also in   C/M.   The intetsection of all subgroups  like  M  is

1, which shows that  C is abelian and ag = a~    for all  a e C.  Hence every sub-

group of C is normal in  G.  Lemma 6 now gives a contradiction,   so X acts faith-

fully on  L.  Since the group  G  is metabelian, [zL, X ] = 1; therefore   X  is abelian

and G   = L.

Let <2 denote the field of rational numbers.  Choose  a / 1  from L; then  L

is an irreducible  QX-module and L = au   .  The mapping  r —► aT is a homomor-

phism of  ßX-modules from  QX onto  L  with kernel  K, a maximal ideal  of  QX;
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thus QX/K   is a field.  Let A = ax; then A < G and G/A  is a T-group.  It x £ X

and  n  is a nonzero integer, then

(a1/nA)* = am/"A

for some  integer  m .  Therefore   (1/tz)x — m /n £ ZX + K, where   ZX  is the integral

group ring of  X, and

(8) QX = Q + ZX + K.

Since  L  is not a minimal normal subgroup of  G, there is a prime  p and a

normal subgroup  P of  G  such that   P   is properly  contained in  L   and  L/P  is a

p-group.   Let  / be the intersection of all  such  P.   If  / / 1, then   L/l is  a p-group

since it is periodic.  Hence   / = lq for all primes  q / p; but  I = Ip  by minimality of

/, so in fact  / is radicable.  Thus  / = 1.

Next let  L/P.  and L/P? be nontrivial p-groups where  P   <l G and P   <3 G.

An element  x of  X  induces in  L/P    and   1-/P2 power automorphisms that can be

described by p-adic integers a     and  a  .  But  L/P. O P    is also a p-group and  x

induces in  it a power automorphism  describable by a p-adic integer  a      Clearly

a j = a    and a   = a     so a, = a      It follows that to each x in X there corres-

ponds a unique p-adic  integer unit  a     such that  bxP = (èP)  *  for all  i>  in  L   and

all  P <l G  with   P < L  and  L/P  a p-group.  Moreover, a    = 1  if and only if x = 1

since  / = 1 = CAL).

This enables us to construct a mapping  a  from  QX to  F     the field of p-adic

numbers, as follows:

C£'-")TI   r a (r    e Q).
X     X

■eX

a  is a ring homomorphism  because   a      - a  a  ; also  it is easy to verify that

Ker a - K, using the fact that  / = 1.   Let  F be the image  of  QX under  a; then

QX/K^f F <F,

the isomorphism  being of rings.   Therefore   F  is a subfield of  F  .   Define   Y to be

the image of  X  under  a; then   V  consists of p-adic integer units.  Let G be the semi-

direct product of  F (qua additive group) by   V.  Then the mapping  aTx —» (ir)a, a   )

is easily seen to be an isomorphism of G with G.

Finally, G is of type IX. For (ZX)a V , the additive subgroup generated

by V, and by (8), F Q + Y ; on the other hand, F - Y would imply that L is

minimal normal in G. Also Y / (- 1) since otherwise F = Q and G would be a

7-group.

5. Nonperiodic soluble //VT-groups which contain a minimal normal subgroup.

Throughout this section  G will denote a  nonnilpotent, nonperiodic,   soluble JNT-

group such that   L = [G', G]  contains a minimal  normal subgroup of  G, say  N.
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Of course, N is eithet an elementary abelian p-group or a direct product of copies

of the additive group of rational numbeis.

(5.1) Case N torsion-free.  Observe first that G is monolithic with monolith

N.   For otherwise there is a normal subgroup M / 1  such that M n N = 1.  Since

N ~MA//M, the subgroup MN/M is minimal normal in the soluble T-group G/M and

hence is  simple; therefore  N is cyclic of prime order, contrary to assumption.

Suppose that  G splits over N and that X is a complement of N.  Then  CX(N)

<l G and, G being monolithic, this implies that  CX(N) = 1  and  X acts faithfully

on  N.   Finally  X  is a soluble T-gtoup and  N  is  not cyclic,   so  G  is  of type VIII.

Consider next what happens if  G  does not  split over N.  In this situation

Lemma 8 shows that

(9) [AT, G'] = 1.

G/N cannot be abelian; for if it were, G   would equal N and, since  L = [G , G]

/ 1, Lemma 8 would imply that G splits over N.  Also, G/C AN) is essentially an

irreducible gtoup of automorphisms of  N; since   N  is totsion-free, a theorem of

Baer [l, Proposition] shows that  G/CAN)—and hence  G/N—cannot be  petiodic.

If  G/N were  a  soluble T-group of type I, then  G/G    would  be petiodic [18, 3.l]

and,  by (9) so would G/C AN).  It follows that  G/N  is a soluble T-group of type

II and  G /N  is periodic.  Commutation with a fixed element of G    gives rise to a

homomotphism of G'/N into N since  [A/, G'] = 1. Howevet Horn (G'/N,N) = 0

because  G /N is  periodic  and  N is torsion-free.   Consequently  G    is abelian.

Now, N being radicable, we can write  G' = N x R where  R =^ G'/N.  Clearly R

is the  subgroup of all elements in G   with finite  order and  R <i G.  But  Ai is the

monolith of  G, so  R = 1  and  G   = N, contradicting the noncommutativity of  G/N.

Hence this case cannot atise.

(5.2) Case  N an elementary abelian p-group and  [N, G ] / 1. Here Lemma 8

can be applied directly to  show  that  G  splits  ovet  N; let  X  be a complement of

N  and suppose that  C = CAN) > 1.  Since   C <1 G, we can  assert that  G/C is a

soluble T-group.  Moreover  N ~ A/C/C, so  N  is cyclic of order p.   It follows that

G   centralises  N.  This is  impossible, so  C = 1 and  G is of type VIII—note that

AÍ  is not cyclic.

(5.3) Case  N an elementary abelian p-group and [A/, G*] = 1.  This case leads

to several different types  of groups and will accordingly  be analysed under several

subheadings.  Since  N, but not G, is periodic, G/N is abelian or soluble  T of

type I ot soluble  T of type II.

(5.31) Case  G/AÍ abelian.  Here  G   = N and G splits over N by Lemma 8.

Let  X  be a complement  of N  in G and suppose that  C = CXÍN) / 1.  Then

A/C/C—and hence  N—is cyclic of order p.  Therefore  X/C is finite and  C must be
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nonperiodic.   Let   F be a maximal torsion-free subgroup of  C; then  FOG since

[N, F] = 1   and  X  is abelian.   Also, C/F is  periodic  by  maximality of  F; conse-

quently  G/F is periodic.   However, Lemma 5 yields the contradiction  N = 1  or

F = 1.   It follows that  C      1.   If  N were  cyclic, X would be cyclic with order divid-

ing  p — 1  and  G  would  be finite.   Hence   N  is  not cyclic  and  G  is of type VIII.

(5-32) Case  G/N a soluble T-group of type I.   From the structure  of soluble

T-groups  of type I it is seen that   G/G    is  periodic  and  G'/N nonperiodic and

abelian.  Choose a  maximal torsion-free   subgroup   F/N of  G /N; then  FOG be-

cause  G/N is a T-group; also  G/F is periodic.   By hypothesis  [N, G'] = 1; thus

F' <N < ÇÎF).   Therefore, for any x, y in   F,   1 -, [x, y? = [xp, y]  and  Fp £ £(F);

in particular, Fp  is abelian.  Since   F//V  is torsion-free and  N elementary abelian,

H - ÍFP)P  is torsion-free.  But clearly  II <3 G and  G/H is periodic.  Lemma 5 once

again gives a contradiction,  showing that this case cannot arise.

(5.33) Case  G/N a soluble T-group of type II.  Here  G'/N is a nontrivial,

periodic radicable group; moreover, if  C ---■ CAg'/N), then  C/N is periodic and

abelian.  Two possibilities must now  be distinguished.

(5.331) Case  [N, C] / 1.  By Lemma 8 the group G splits over N; let  X be a

complement of N and assume that  D = CAN) / 1.   Then G/D  is a soluble T-group,

so  it is metabelian; also  N n D      1, showing that  G  is metabelian. Next ÍG')P / 1

since   G'/N   is radicable;   therefore   G/iG')p  is a  soluble T-group in which  the

elements of finite order form a proper subgroup; such a group cannot be of type I.

Consequently, either  G       (G )    or  G/ÍG )    is soluble  T of type II, in which

event  G'/ÍG')P   is radicable,  an obvious absurdity.   It follows that  G       ÍGr.

Also  G    is periodic  and abelian; with the  aid of Lemma 5, we  deduce that  G    is

a radicable abelian p-group.   If c (   C, the  mapping  a    -. [a, c]  is a homomorphism

of  C'   into  N  since   [G', C] < N  and  [/V, G']      1.   But  Horn (G', /V)     0 because   G'

is radicable and  N  elementary abelian.   Hence   [G , C]      1  and  [/V, C]   : 1, which

is contrary to hypothesis.   Therefore   D  - 1  and  G  is again of type VIII.

(5.332) Case  [Ai, C]      1.  We shall show that  G  is  of type VI or VII by pur-

suing the following programme:

(i)  G'  is a radicable abelian p-group.

(ii) G is monolithic with monolith  N.

(iii) Properties of C -  CC(G'/N).

(iv)  C  is abelian and  G  is of type VI.

(v)  C is nilpotent of class 2 and  G  is of type VII.

Since   C/N  is abelian, C  is nilpotent of  class  < 2.   Lemma 5 implies that  C

is also a p-group.  Commutation with a fixed element of  C produces a homomor-

phism of G'/N into N since  [c\ C] < N and f/V, C]   : 1.  But Horn(C/zV, /V)     0,

so that

(10) [G', C]      1     and     C   - C^G').
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In particular  G*  is abelian.   Furthermore  G" = ÍG')P  since  otherwise   G/ÍG')P

would be soluble  T of type II.   Therefore   G    is a radicable abelian p-group.

Let g £ G and denote  by  r    the automorphism induced by g  in  G .  Now g

induces  in  G /N  a pqwer automotphism which can be described by a p-adic integer

unit, say  a   .  Writing  6 for the power automotphism  a —»a  8  of  G , we see  that
— 1 8 — 1

T    6 acts ttivially  on   G '/N.   Therefore  r     6 - 1 £ Hom(G', N) = 0 and  r   = 6.
g ' g g

Consequently

(11) as = aas       (a e G", g £ G).

The next point to establish is that  G is monolithic with monolith N; since

(11) shows every subgroup of G   to be normal in G, it will then follow that G   is

a P°°-grouP-  Suppose thete exists  M <l G such that   1 / M and N n M = 1.  If Co

M = 1, then  [G\ M] < C n M = 1  and  M < C.   This cannot be, so   Cn«/¡  and

there is no  loss in assuming that  M < C.  Now   G/C—and hence  G/M—is nonpetiodic

and  G/M  is not abelian  since  N < G .  Hence  G/M is also  a soluble T-group of

type II.   It follows that   C/M—and hence   C—is abelian.   Let g £ G; then g induces

in   G /N—and therefore in  C/N—the automorphism  a —► a  e; here we use the radi-

cability of  G /N.  But  g also induces  a --> a  e in  G*   by (11), and therefore in

G'M/M and C/M.  Hence  flg = a0* for all  a e C.  Since  C = Cg(G') and  G' has

infinite exponent, Lemma 6 provides a contradiction.  Thus we conclude that G is

monolithic with  monolith N.

Let  Z  be the centre  of  C; then  G   < Z by (10) and since  G    is radicable,

(12) Z = G'xDx

for some   D j < Z.  Clearly  D jA? <J C <l G, so  D ̂  O G  and  [D p G] < G A (D jN),

which shows that

(13) [Dl,G]<N.

If d £ Dj  and g e G, then   1 = [ri, g? = [a*, g]; therefore  D\ < ÇÎG) and  D^ O G;

since  N  is the monolith of  G, it follows that  DK = 1   and  z9    is an elementary

abelian p-group.

Write  T/G   fot the torsion-subgroup of G/G ; then  C < T since  C/N is peri-

odic.   Moreover  C / G    by Lemma 6.   The structute of soluble T-groups of type II

provides the following infotmation:   C/G    has finite exponent  p     and a   = 1 mod pe

for all g e G [18, Theorem 4.3.1].  Observe that e > 0, so that

(14) ag = 1 mod p.

Now suppose  that g e T; since   a    is a p-adic integer unit of finite order satisfy-

ing (14), thete are the following possibilities:   either p is odd and  a   = 1 or p = 2

and   a    = + 1.   Thus   T/C   has   order 1 or 2 and we can  write
g

(15) T=(t,C)
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where either  / = 1  or  Ctf =- 1; in either case  t2 £ C and  t2N has order 1 or 2;

therefore   t    has order dividing 4.  Next we  show that  t2  is in the centre  of G;

let t / 1.  If g £ G then t8 = ta where  a e G'.  Hence  (t2)8 = (¿a)2 = z2 since  a' =

a""1.  In particular   (t2) <3 G.  If t2 / 1, then N < (t2).  Let p = 2 and G' =  (a

a2, • • •)   where  a.   . = a¿ and  a2 = 1; then  N = (a f ).   Clearly  t2 £ Z; let us con-

sider the position of ¿    in Z. If f    e G', then /2 = 1 or a    since a' = a"1  if

< / 1.  Suppose t    4 G"; then since  /    has order 2 or 4, it belongs to  (a  ) x D  ,

,2\    _._     ._. _.   ,2and since  a, e (/  ), we can assume that  /    = a a where  1 / u e D  .  Thus the

possibilities for /    are   1, a    and au.

The group  T/G    has finite exponent and this is well known to imply that  T/G'

is a direct factor of G/G   (see [13, Theorem 8]); let

(16) G/G' = ÍT/G')xÍY/G').

From (16) and (15) we  obtain

(17) G=(i, C, Y).

Consider the case when  C is abelian.  Here  C = Z = G   x D    and (17) becomes

G = (i, D  , Y).  Now set  W = (/, V). Since  D    is elementary abelian, we can write

Dx = ((t, G') n Dx)x D, say.  Hence  G = (t, D, Y) = WD-observe that  WOG

since  G' <Y <W. Since  T n Y = G', we have  W n D < (/, G') n D = 1.  Hence

G = WD  and  W n D = 1.

Next we analyse the structure of  W.   First

(18) W/WO C ~WC/C = G/C.

The map gC —► a     is an isomorphism of  G/C with a nonperiodic  group T  of p-

adic integers all  of which are congruent to   1 modulo  p. Now W O C ■--= W H (G xD )

= G'x(ïn Dj).  Also

lfnDr (/, y> n Dj = (t, G') r\ Dx= (t2, G') n Dy

If /2 £ G', then  W n D    - 1 by the last equation; otherwise /   = au and  (/ , G')

n Dj = (a), so  W O Dj = (a).  Hence  lfnC = G'  or G' x (a)  according as  Z2 6

G' or f2 / G'.  Also,   W/W O C ^ T by (18). Suppose that I2 = a^ if there exists

a  ¿in  D  such  that  td / t, then  d' = da x  by (13); thus  (/a7)2 = t2ax^- 1, and, replac-
9 2

ing   / by tó, we can assume that t    --- 1.   In other words, we can exclude /   .- a

unless  [D, t] = 1.  Suppose  z2 ^ G'; then p - 2 and t   = a2u, (a e D x).  Let g e G;

since  t2 belongs to the centre of G, we have (a2«)g = a2« and zze = a2     8a.

Thus  u8 = u or a,a according as  a   = 1 mod 4 or a   / 1 mod 4.
1 " g i        ,    8

Finally, D centralises  N and  W/N.   If  t    £ G', then in addition  D / 1; for

W = G' and Cu,(U/r) ̂ IfnC^G'; thus   W  is not a JNT-group by Lemma 6 and   D / 1.

The centre of  G contains no element  of order p except «j  since  /V  is the mono-

lith.   G  is of type VI(a) or (b) according as  í    £ G    or  t    4 G'.
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The remaining possibility under heading (5.332) is that  C  is nilpotent of class

exactly 2.  The centre of  C  is   Z  and  C/N  is abelian; thus

N = CA G'< Z < C.

If x, y e C, then 1 = [x, y]^ = [xp, y], showing that Cp < Z and C/Z is an ele-

mentary abelian p-group.

Let us prove next that Cp = G'. Now G' < Cp is immediate, and since Cp is

abelian, we can write Cp = G x F. Suppose x is a nonttivial element of F; then

x = cA for some c £ C and a £ N; for C/N is abelian. Let g be any element of

G;  then cs = c   8¿) for some b £ N.   Hence

(c")g Ar"8^ Ar^8

and (cp) < G. Now a / x since G' O F = 1; thus cp / 1 and a e (A). There-

fore x = cA e (cp) and (x) O G. This gives the contradiction N < (x). Hence

F = 1 and Cp = G'.

Let Sx  Z: À e Aj be a basis fot the elementary abelian p-group  C/Z and set

X = (xx: X e A).  Then  C = XZ = XG'Dy  Let y e (XG') nD, and write

y ~ x\ x\ a wnere  a e C, the n. are integers and the À. ate distinct ele-

ments of A.   Then  x^    • • • x^r £ Z and the lineat independence of the  x,   Z  im-

plies that p\n. for  i = 1, •••, r.   Hence  y £ CPG   = G'  and y e G A D   = 1.

Writing  F = XG    we obtain   C = E x D  .

Suppose that xp / 1.  Since  G" = Cp, there is an element a oí G   such that

xp = ap.  This implies that  (x^a~   r  = 1.  Replacing  x.   by  x^a~     we may assume

that xp = 1  for all À e A.  This implies that  X n Z = N: for let ye XHZ; since

X' < N, we can write  y = x»    •• •x,7' mod N whete the  À. are distinct.   Thus  p\n .
1 r z z

for all   z  and y e N  as required.  Next  N  is actually the centre of  X  since  £(X)

< X n Z = N.  Thus   X' = £(X) = N  and   X/N ~ C/Z.  Consequently  X  is an extra-

special p-group. Since  X d G   = N = (a  ), the group  E is a direct product of X

and  G    in which the centre  of  X and   (a.)  are amalgamated.

Consider now the position of  /  ; if  /    4 G , then  p = 2 and  z:    = a  u where

u £ D v  li t2 £ G' and  /2 / 1, then  p = 2  and  /2 = a      Suppose that  [X, t] / 1;

then   [x^ , t] / 1  for some  À € A.  Since  x^N  has order 2, it is centralised by  t

and  x^ = *xa,; thus  (/xx )    = a.x^= 1.   If, however, [X, z] = 1, write  a^ = x    for

some x e X (note N = X ); then (¿x)   = 1.  Thetefore,  if /    e G*, we may assume

that t2 = 1.

From   C = XZ  and equations (12) and (17) we obtain   G = (/, X, y, Dj).   Now

define   W= (/, X, Y).   Writing

Dj = «i, G') h DAxD,

we have  G = WD and  W < G.  Suppose that w £ W CI D and, using  G* < Y, write
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w = Axy where  x e X  and   y £  Y; then y £ T n Y =G'  and  t' £ C, which shows

that   i may be assumed even.  Since  t    £ Z, it follows that  x £ X O Z = N and

w £ (t, G') n D = 1.   Hence    W fï D = 1.

We turn now to the structure of  W.   First   WO C = W n ÍE x D ) = E x ÍW Ci D );

moreover, as above,

W n Dx= (t, X, G') n Dx= (t2, X, G") nDx= (t2, G') n Dy

If t2 £ G', then  W n Dj = 1; otherwise  t2 = a2« and  W H Z>   = <a).  Thus  U- O C =

F or F x (a)   according as /2 e G' or i2 / G'.  Moreover  W/W C\ C ~ G/C and

G/C is isomorphic with  T, a group of p-adic integers all of which are congruent

to   1 modulo p.  If  /    4 G    then one shows  (as in the case   C abelian) that zzß = u

or   au   according  as   a    =   1 mod 4 or  a    ^ 1 mod 4.  Since   a    = 1 mod p  for all
1 6 g s g ^

g  in  G, the factor  X//V  is central in  G and  [X, G] < N.

Finally  D  acts faithfully on  W and centralises   W/N and  /V.   Therefore   G

is of type VII(a) or (b) according to whether  t     is or is  not  in  G .

6. Periodic soluble /NT-groups.   Throughout this section   G will denote a non-

nilpotent J NT-group which is both  soluble and periodic; N  is a minimal normal

subgroup of  G  contained in  L = [G', G].   Thus   N  is an elementary abelian p-group

for some prime  p.

(6.1) Case  [N, G'] /■ 1.  Here  G is of type VIII; the argument is that of (5.2).

(6.2) Case  [N, G'] = 1.  Since  G /N  is abelian, G    is nilpotent in this case;

hence   G    is a p-group by Lemma 5.  Consequently   G  has a unique Sylow p-sub-

group  P  containing  G .

We shall require the equation

(19) [N, Cp(G'/iV)] = 1.

To prove this let x  in  P  centralise  G'/N.  Since   CGÍG'/N)/N is nilpotent,  (x, /V)

O G, which shows that  [N, x] < G.  Assuming that  [/V, x] / 1, we find that  N =

[N, x]  since   N  is minimal normal in  G.  If pr is the order  of x, then  N =

[A1,     x] = [N, xp ] = 1, a 'contradiction,
pr

(6.21) Case [N, G'] = 1 and P/N abelian.  Here  P centralises  G'/N since

G   < P; therefore

(20) Dv, Pi = 1

by (19).  Also  P' < N and (20) shows that  P is nilpotent of class at most 2.  Since

G/P  is abelian, [(CG(P))', CG(p)] = 1  and  CGÍP) is nilpotent.  Lemma 5 shows

that  CAP) is a p-group; hence

(21) CGiP)<P.

Now it is necessary to distinguish two  subcases.

(6.211) Case   P  abelian.   Suppose that  P  contains an element of order p
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and define   P    to be the subgroup of all  a  in   P such that  ap    = 1.   Thus   1 p Pp.

<] G and  G/Pp.   is a T-gtoup.  Let g £ G; then g  induces a powet automorphism

a —> aa in  P/Pp.—here  a   is a p-adic integet unit.   Writing  ¿; for the automotphism

of  P  induced by g  and  r\ for the power automorphism  a —> a    of  P, we  see that

0 = <f "  77 is an automorphism of P which acts trivially on  P/Pp.  Therefore, for

any  a e P we have  a    = aèp  for some   b £ P .; hence  (fl^)    = iabp)p = ap.  There-

fore ibp)   = bp; from this and a   = abp it follows that ae   = abp    = a.  Hence   1 =

6P = £77    since a power automorphism commutes with every automorphism of  P.

Now by (21) we have   CAP) = P, so the order of  <f is prime to  p.   Consequently

¿;p - rf   implies that  <f e (21)   and  <f is a power automotphism of  P.   By Lemma

5.2.2 of [l8] the gtoup  G  is a T-group.   In view  of this contradiction  P  is an ele-

mentary abelian p-group.

Next it will be  shown that  G  splits over  P.   By hypothesis CAN) s G ; there-

fore   G/C AN) is abelian.   G/C AN) can be  regarded as an irreducible group

of linear transformations of  N ^zza vector space.   This  implies that  G/C AN) is

isomorphic with a periodic  subgroup  of the multiplicative group of a field.   There-

fore   G/C AN) is locally cyclic  and,   in particulat,  countable (see [6, p. 296]).

Since elements  of  G  induce  power automorphisms in the elementaty abelian p-

group  P/N, the group  CG(N)/(CG(N) n CQ(P/N)) is cyclic of order dividing p - 1.

If g  centralises both  N  and  P/N, then g  induces in P  an automorphism of otder

1 or  p.   But  P = CAP), so g £  P.  Thus

(22) CG(A,) ° Aj(AA') = CC(P) = P

and  G/P is countable.  Lemma 7 shows that  G  splits over  P, say  G = PX and

P O X = 1.  Moteover  X acts faithfully on   P  in view  of (22).

Considet the situation when  N  is the monolith of G.  Assume that  N / P  and

let  a e P\N.   If  a     were finite,   it would  be  a direct product  of minimal normal

subgroups of  G by Maschke's theotem—observe that  X has no elements of order
C • c~

p.  This is consistent only with  a    - N because   N  is the monolith.  Therefore  a

must be infinite-and  hence so is   X.   Since   X/CX(P/N) is finite, CX(P /N) p 1.

Also  CX(P'N) < X  and  X  is a soluble T-group, so  CX(P/N) D CX(X') ¿ 1; let x

be a nonunit element  of this  intersection.   Then   (x) < C^(X ) < X, so that   (x)

OX; consequently  [P, x] < G  and  Cp(x) < G.   If  Cp(x) /= 1, then  N < Cp(x) and

x belongs to  CG(P/N) O CG(N) = P by (22); thus x e P Pi X      1.  Therefore

Cp(x) = 1.   Now  x  centralises   P.//V  and consequently  [P. x] < N.   Evidently

[N, x] < G  and  [/V, x] A, which shows that  N = [N, x] = [P, x].   Thus   [P, x] =

[P, x, x]. Let fl-:P; then [a, x] = [b, x, x] for some b £ P, and Cp(x) = 1 implies

that a = [b, x\.  Thus  P y_[P, x\ = N.  Consequently  N = P and G is of type VIII.

We ate left with the following situation; there exists a nontrivial  M <^ G with

M n N = 1.   If  M Cl P =  1, then  M < CA(P) = P; therefote  M D P / 1  and we can
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assume that  M < P.  Also  M ~ MN/N  shows that every subgroup of M is normal in

G and we can assume  M to have order p.  Also N has order p  since  N ~ A/M/AL

Suppose now that P > M x N and choose a e P\(M x A/).  The automorphism groups

induced by  G in  P/M and  P//V are both finite.  Therefore  G/CAP) is finite, from

which it follows that a     is finite.  Maschke' theorem implies that a     is a direct

product of minimal normal subgroups of  G; therefore there exists a minimal normal

subgroup  L of G contained in  P  such that  L / M x N.  Then  LM/M ~ LN/N.  Let

g 6 G; then  g  induces in   P/M  and   P//V power automorphisms  which  both have

the form a —> a" since they must agree on LM/M and LN/N. Hence a8 = a" for

all a £ P, a situation we have already seen to be impossible (by Lemma 5.2.2 of

[18]).

Hence  P = M x N and X is isomorphic with a subgroup of GL(2, p) which is

diagonal because  X induces power automorphism groups in  M and AJ; this subgroup

X is not scalar since it does not induce a group of power automorphisms in  P.

Clearly  p  is odd and  G  is of type IV.

(6.212) Case  P nilpotent of class 2.  Since  P/N is abelian, P' = N.  Consider

the centraliser of  P/N.  If g £ CCÍP/N), then  [g, P, P] = 1 by (20); therefore, by

the Three Subgroup Lemma, [g, P1] = 1, i.e.  [g, N] = 1.  Now  let a £ P; then a8 =

ab where  b £ N.  Hence  a8   = abp = a since  [g, N] = 1.  It follows that

CG(P//V)/CG(P) is a p-group.  But  CGÍP) < P by (21); therefore  CGÍP/N) < P and

(23) CC{P/N)^P.

Next, if p = 2, a periodic group of power automorphisms  of  P/N has order a

power of 2 and equation (23) yields   P = G, i.e. G  is nilpotent.   Thus  p  is an odd

prime and therefore   P  is a regular p-group.   Also  N  is the monolith of  G; for sup-

pose that   1 / M < G and M n /V = 1; then  PM/M and PN/N are abelian, being

Dedekind groups  without  elements  of order 2, and therefore   P  is abelian, con-

trary to hypothesis.

Since   P / G, we  can find g £ G\P  and (23) shows that g  cannot  centralise

P/N.  Let g  induce in  P/N the power automorphism  a —► a  ; here  a  is a p-adic

integer unit / 1.   It a, b £ P, then  a8 = aa mod A/  and  tz8 = ¿"mod N; hence

(24) [a,b]8 = [aa,ba] = [a,b]a2

since  [N, P] = 1.   From this it follows that  ([a, b]} O G.  Since  N is the monolith

of G, the  order of N is p; let A/ = (a), say.

Suppose that  Pp > 1; then N < Pp  and consequently a = bp  for some  kP

since P is regular.  Now b8 = bac for some c £ N, and a8 = ib8)p = bap = aa.
2 7

But equation (24) shows that a8 = aa ; therefore a = a mod p and a = 1 mod p.

If P/AJ has finite exponent pe, the congruence ap =1 mod pe implies that g

induces in  P/N an automorphism of order a power of p; therefore g £ P by (23).
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If, however, P/N has infinite exponent, a must have finite order; this, together

with a = 1 mod p and p > 2, implies that a = 1.  These arguments indicate that

(25) Pp = 1.

Next the centre  of P will be identified; call this  Z.  Clearly N < Z.  Let  1 /

ax £ Z; then   (a     N) < G, so a^ < (a^, N), which implies that a     is finite. Now

C(Aal )~>P\ therefore Maschke's theorem can be applied to a   ; in the usual way

it follows that aGx = N.  Thus  Z = N.

Now P/N  is elementary abelian by (25); hence P is an extra-special p-group.

Choose a basis for P/N, say ixxN: À e A}.  Then

(26) [xx, x^] = a/(x,ii)

where / is a nondegenerate alternating bilinear form. Now  G/P is cyclic with

order q dividing p — 1  since  P = CGÍP/N).  Hence there is an element g with

order  q such that  G = P(g)   and  P n (g) = 1.   Moreover   (g)   acts faithfully on  P.

g  induces in the elementary abelian group  P/N a power automorphism of the

form  x —> x"  where   1 < « < p.   Thus

(27) xl = xy\    UeA),

for certain  integers  rex   satisfying  0 < 7ZX < p.   A suitable change of basis  will

simplify these equations.  Suppose that  n^ / 0.  Since / is nondegenerate, thete

is a p. £ A such that /(À, p) /= 0 mod p.  We shall replace xx   by a suitable ele-

ment of the form x.   = x^x'.  A brief computation using (26) and (27) yields x8 =

xxa" where  u = sn^ + tn   + sti2)-fi\, p).  We wish to show that a = 0 mod p can

be solved for s and  t with s ß 0 mod p and  t é 0 mod p.  This amounts to solving

(28) X72   + y?2   + z = 0 mod p

fot x ¿ 0 mod p and y £ 0 mod p  where  z = (")/(A, zj); notice that  z £ 0 mod p.

Since 72x ̂  0 mod p, we need only look for a y such that yn   + z é 0 mod p.  If

72   = 0, any y ^ 0 will do; if ra   /= 0, we can choose y so that   1 < y < p and yn

+ 22; 0 mod p  since  p > 2.  Consequently (28) has a  solution of the required  sort.

Now replace xx  by x"x , observing that we retain a basis for P/N.  Performing

this operation whenever necessary, we arrive at a basis for which x^ = xx for all

A e A.  Thus G is of type V.

(6.22) Case [N, G'] = 1  and P/N nonabelian.   If a soluble p-group has the

ptoperty T   and is not abelian, then p = 2 [18, Lemma 4.2.l]. Thus P is a 2-group.

Also (by Lemma  2.4.1   of [18]) L/N is a radicable abelian 2-group where, as

usual, L = Ve', G],  Define  C = C AG'/N) and note that  C/N is nilpotent of class

< 2.   Moteover  G/C has order 1 or 2 because  + 1  are the only 2-adic  integers with

finite order.
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Let x £ C n P; then aN —» [a, x] is a homomorphism of L/A/ into  N since

[A/, C n p] = 1 (see equation (19)).   But  HomÍL/'N, N) = 0; therefore

(29) [L,CnP]=l.

Since  L < G   < C O P, it follows that L  is abelian.

Our next aim  is to prove  that  G  is a 2-group.   Since   |G: C| = 1  or  2, all ele-

ments of  G  with odd order belong to  C.  Now   C/N is a Dedekind group, so  the

elements in  C/N which have odd  order forman  abelian  subgroup, say   Q/N.

Assume that  Q/N.   From this it follows that  [N, Q] / 1; for if  [A/, Q] = 1, the

group   Q  is nilpotent, and, since  0 <¡ G, we deduce  from Lemma 5 that  Q  is a 2-

group and Q - N. Now [N, 0] / 1 implies that L = N. For suppose  L > N; then L/'N is a

nontrivial radicable abelian 2-group and L   p 1; therefore L. L~ is radicable, which shows

that L is radicable. Now commutation with a fixed element of C induces a homomorphism

of L into A/, and yet Hom(L, N) = 0; thus [L, C] = 1 and in particular  [A/, Q] = 1, a

contradiction.   It follows that  L = N and  G/A/  is Dedekind; thus   C = GAG' N) = G
o

and (29) becomes  [L, P] = 1.  Now  [A/, Q] =■ 1   implies that  G  splits over  iV, by

Lemma 8; say  G = NX and N C\ X = 1.  Therefore  P = P n ÍNX) = NÍP n X).  Since

P//V is not abelian, P n X /= 1.  Also  [/V, P n X] < [L, P] = 1, so  P n X O A/X = G.

Thus  G/P n X  is a T-group and the  isomorphism  N ~ A/(P n X), P D X  shows

that  \N\ - 2.  Consequently  N < £(G) which implies that G is nilpotent.  This con-

tradiction establishes that G is a 2-group.   Equation (29) now yields

(30) [L, C] = 1    and    C = CGÍL).

Observe that  G/N  is not a Dedekind group; for if it  were, L = N and  C = G,

so that (30) would become  [L, G] = 1, i.e.   G  is nilpotent.   Also  L  is radicable:

for  L > N and this,   as has already been  seen, implies that  L  is radicable.

G/N  is a soluble 2-group with the  property   T and it is  also nonnilpotent.   By

Lemma 4.2.1 of  [18] this means that one can write  G = (C, /)   where   t transforms

each element of  C/N  into its inverse and  t    £ C; also, of course, C/N is abelian

and of infinite  exponent.   Equation (30), together with the  commutativity of  C/N,

implies that  C  is nilpotent of class at most  2.   Let  o be the automorphism  a —►

a        of  L  and write  r for the automorphism of  L  induced by  t.   Then  r ~  a is

trivial on L/N and r"  a - 1 e Hom(L, N) = 0.  Therefore r = a and

(31) «' = a-1,      (a e L),

which shows that  z  centralises   N.   Since   G =  (C, /). equation (30) permits

us to conclude that [N, Gj = 1.

Suppose there exists  Al < G with  M ■/ 1  and M O N = 1.  Since  AI ~ A1A/  A',

one can  assume that  Al  has order 2.   Also  L < Al, so  G/A1   is not a Dedekind group

and its structure   is similar to that of  G/N.   In particular  CM/M—and hence   C-is

abelian.  Now  /  transforms elements of  L  into their inverses.   It  follows that  a   =
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a~     for all a £  C, which is impossible by Lemma 6.   Hence  G  is monolithic with

monolith equal to N.  This indicates that L  is of type  2     and  N has order 2.

Define Z to be the centte of C. Then L < Z and, L being tadicable, we may

wtite Z = L x D. Suppose that D contains an element d of order 4; then dl = d~ a

for some a in N. Hence id2)1 = id~ a)2 = d~2 = d2. Since d2 £ Z, it follows that

d is in the centre of G and 1 / (d ) < G; this is impossible since id2) H N = 1.

Thus D is elementaty abelian. This implies that DN/N lies in the centre of G/N,

so that

(32) [D,G]<N.

If d £ D, the  mapping  xC —> [x, d] is a homomotphism of  G/C into N since [C, D]

= 1 = [N, G]. Now  CD(G)< G, so  CD(G) = 1, and, since Horn ÍG/C, N) has order

2, we must have   \D\ = 1 or 2.  Write  D = (d).

Consider next the position of  /   .   Let  a  , a  , ■ ■ •   be a canonical  set of gener-

ators for the 2°°-group  L.  If c £ C, then c   - c~  a for some a in N.  Hence cl   =

(c~  a)-  a = c.   On account  of  G =  (C, r)   it follows that  t    £ £(G); in particulat

(t2) < G.  Therefore, either z"2 = 1  or N < (t2).  Also t2 £ Z  and since t2N is

centralised by  /, the element  t    has order dividing 4.   Thus  /    e (a  ) x (z/)   and

the possibilities for t    are   1,  a    or ad (if d/ 1); for if d / 1, then dl = a d by

(32) since   (a1)  cannot be normal in G.

(6.221) Case  C abelian.  Here  C = Z - L x D, and aA 1 by Lemma 6. Since

dl = a^d, we have  itd)2 = t2a d2 = t a..  Hence  t   = a    implies that (fa?)2 = 1.

Thetefote we  can assume that either  /    = 1  or  /    = a d; the  order of  t is   2  or  8.

Thus   G  is  of type II.

(6.222) Case  C nilpotent of class 2.  Since  C/N is abelian, C   = N < Z.  If x

and y belong to  C, then   1 = [x, y]    = [x  , y], showing that  C/Z is elementary

abelian.  Choose a basis for  C/Z, say  Ix. Z: À e AS; then  x. = ad' where  a £ L

and  z = 0 or  1. Now  a = b    for some  b £ L  and (xx&_  )   = x\a~    - dl. Write

x~A = xxfc_   ; then  x"x = x x  c for  some  c  in  N  and  (x"x)' = (x x   c)    = x x  .   It

follows that   (¿A <3 G, which can  only mean that  dl = 1  and x x = 1.   In short, we

can<assume that

(33) xx=l

Define  X = (x. : À e A ).  From (33) it follows that  X2 = X'; also  C = XZ, so

for all  À e A

S
N = C' = X' and N = XA X .  Suppose that  Z2 e X O Z and write  a = xx   • • • xxra

1 7-

where  a £ N, the tz. are integers and the À. are distinct elements of A.  The inde-

pendence of the x.   Z  indicates that each n . is even; thus  u £ X  N = N.  Conse-

quently

(34) XnZ = N.
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Therefore  £(X) < X n £(C) = X O Z = N, and £(X) = N.  Also, X/zV a« C/Z, an ele-

mentary abelian 2-group.  We conclude that  X is an extra-special 2-group generated

by elements of order 2.  Clearly the group C is a direct product of X and Z in

which £(X) and   (a  )   are amalgamated.

It has been remarked that  /    = 1, «j  or  ad (if d / 1); in fact the second pos-

sibility can be discarded if t is chosen suitably.  The argument for this has already

been given in the last part of (5.332).

Since  / acts trivially on both  X/N and N, the map a: xN —► [x, t] is an ele-

ment of Horn (X/N, N).  If d / 1, one can assume that a = 0 and [X, /] = 1.  For in

this case if x£ = x^a., we  obtain  ix^d)' = x^d while  ix^d)   = 1.   Thus  G  is of

type III.

[in conclusion, observe that  even  if d = 1  one can  still take  a = 0 at the

expense of losing  xA = 1; for (xAa2)' = x^a    if xA / x^.]

7. Proof of Theorem 1 concluded.  It remains to show that a group G of types I

to IX is a JNT-group; in each case  G is obviously soluble.  One first observes

that in no case is  G a T-group.  For types II, IV and VIII this is clear.  For types

I, III, V and VII it follows from the structure of Dedekind groups.  If G is  of type

VI(a), then  D is a nonnormal subnormal subgroup, as is   (a)   if  G  is of type VI(b).

If  G  is  of type IX, then   lp  generates a nonnormal subnormal subgroup since  X /

<-lF>.

Next it must be shown that  every proper factor group of  G  is a T-group.   If G

is of type I or VIII this is clear.   All types except IV and IX are monolithic and if

N  is the monolith one merely  has to verify that  G/N is a T-group.   If  G  is of type

II or III, then  N - (a.) and  G/(a )   fits the prescription for a soluble 2-group

with the property  T (see [18, Theorem 3.1.1]).  If G is of type V, then N = £(P)

and  G/N is a T-group by Lemma 5.2.2 of [18].  If G is of type VI or VII, then  N =

(a  )  and H = G/N has a normal p   -subgroup   K such that H/K is abelian and

all subgroups of  C   (K) are normal in  H; a subnormal subgroup  S of H either con-

tains   K or lies   in   C.ÁK); hence  S < H.
n

Turning to the nonmonolithic groups, we see that in type IV a nontrivial normal

subgroup  N of  G contains one of the two normal subgroups of order p; hence  G/N

is a T-group by Lemma 5.2.2 of [18].

This leaves us with the case where  G is of type IX.  Let  1 / N < G; then

certainly  N Ci F is nontrivial.  Let 0 / / £ N Pi F. Since  F = Q + X   , we can write

rl=L   V,      irx£Q).
xeX

Choose a positive integer n such that each  nr    is integral and observe that  N

contains the element

X inr)xf =nf~lf=n.
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Hence  nX    < N.  We shall show that  G/72X     is a T-group.   F = Q + X     is divisible

as an additive abelian group and  F/(Q + nX   ) has finite exponent.   Thus   F = Q +

22X     and  F/nX     is isomorphic with a factor group of Q/ (l). Hence every automor-

phism of  F/nX     is a power automorphism and every  subgroup of  F/nX    is normal

in  G/nX   .  If x / 1, then  F(x — 1) = F, which is easily seen to imply that a sub-

notmal subgroup of G/nX     either contains  F/nX     or is contained in it.  This

shows that  G/nX     is a T-group.

8. Finitely generated soluble /NT-groups.  The main result of this section is

Theorem 2.   A finitely generated hyperabelian group which is not a T-group

has a finite homomorphic image which is not a T-group.

Recall here that a group is hyperabelian if it possesses an ascending series

of normal subgroups whose factors are all abelian; this is equivalent to requiring

each nontrivial homomorphic image to have a nontrivial normal abelian subgroup.

Proof.   Let  G  be a finitely genetated hyperabelian group which is not a T-

group.  Suppose that \Na: a e A\ is a chain of notmal subgroups of G such that no

G/N   is a T-gtoup; write  N for the union of the chain.  Assume that G/N is never-

theless a T-gtoup.  Now a hyperabelian 7"-group is soluble  because soluble T-

groups are  metabelian;   moreover, a finitely  generated soluble T-group is either

finite ot abelian [l8, Theorem 3.3.l], and therefore is certainly finitely presented.

Thus   G/N is finitely ptesented.   By a well-known principle this  implies that  N =

(a  ,- ■ ■ ,a  )      for a certain finite set of  a.'s.   Hence  N = Na for some   a.   By this

contradiction G/N  is not a T-group.  Zorn's Lemma shows that there exists a nor-

mal subgroup  M  of  G  which is maximal subject to   G/M  not being a T-group.

Clearly  G/M is a /NT-group.  Moreover  G/M contains a nontrivial normal abelian

subgroup, being hyperabelian.   Thus   G/M  is soluble and Theorem 2 will follow

from

Lemma 9.   A finitely generated soluble ]NT-group is finite (and hence of type

I, IV, V or VIII).

Proof.   One can,  of course, verify directly that  no soluble J NT-group on  our

list can be both finitely generated and  infinite.   However,   it is more economical

to proceed independently as follows.

Let G be a finitely generated  soluble /NT-group which is infinite.  First of

all observe that G cannot be nilpotent; for if G were nilpotent, the initial argu-

ment of §3 would show that  G  is periodic and this, as is well known, implies

that G is finite.

Denote by A a nontrivial normal abelian subgroup of G. Suppose that G/A

is infinite. If 1 < B < A and B O G, then G/B is abelian and G' < B. Hence G'

is minimal  normal  in  G and  lies in  A.   Therefore  G/CG(G ) is a finitely genet-
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ated abelian group and by a theorem of  P. Hall [8, Theorem 5.1], G' is a finite

elementary abelian p-group for some  prime  p.

Now write  C = CGÍG'); then  G/C is finite.  Also C < G' < £(C); thus if x,

y e C, we have   1 = [x, y]p = [xp, y].  Hence   Cp < £(C) and  Cp  is abelian.  Now

G/C    is periodic and hence finite, so  Cp  is finitely generated and infinite. Hence

for some integer 72 the group N = ÍCp)n is torsion-free and nontrivial, while G/N

is finite.   This   contradicts  Lemma 5.

Therefore  G/A  is finite, which  shows that  A  is finitely generated and infi-

nite; there is no loss in assuming A to be free abelian.  Let L = [G', G] and

observe that L /.  1.  If L C\ A / \, then  G/L O A is finite,  by the first part of the

proof, and, replacing A  by  L O A, we may assume that A < L.  Let p be a prime

dividing   |G : L\; then G/Ap is a finite soluble T-group; however the prime p

divides both  |G:L|  and  \L :AP\, which is  impossible [7].  Thus  L n A = 1  and

L ^ LA/A, which shows that   L   is finite and abelian;  therefore   G/L  is infinite.

Howevet this situation has been  shown to be impossible.

Lemma 9 may be compated with B. H. Neumann's theorem that a finitely genet-

ated soluble just nonabelian gtoup is finite [15, Theotem 6.3l—see also Rosati

[2l],   It is not difficult to  show that a soluble just nonabelian group cannot be a

T-group  if it is infinite.   Thus Neumann's theorem  is a special  case of Lemma 9.

9. /NT-groups.  A group  G has the property  T if H < K <X L < G always im-

plies that H < L.  Thus T-groups form the largest subgroup-closed subclass of the

class of T-groups.

A /NT-group is eithet  a /NT-gtoup  or a T-group.   There exist finite /NT-

groups which are T-groups, for example the symmettic group  S    where  w > 5; but

this phenomenon cannot occut  in the soluble case.   In fact we shall ptove

Theorem 3.   A group is a soluble ]NT-group if and only if it is isomorphic with

a group of type I, IV, V or VIII (with  X a T-group in the  last  case).

Proof.   Let  G be a soluble J NT-group.  Fitst observe that  G is not a T-gtoup;

for suppose  this is wrong.   If  G  is a T-group of type I, then  L = [G , G] contains

an element a oí infinite  order;  therefore  L/(a  )  has an element of order 4 and

G/{a  )  is not abelian, which precludes  G/(a  )   from being a T-group (for this

and othet results about soluble T-groups see [18, Theotem 6.1.1]).  If G is a T-

group of type II, then  G"  is radicable and if  1 / a e G , the group G/(a)   is also

a T-group of type II and therefore not a T-group.  Finally, if G is periodic, L has

an element of order 2 since  G would otherwise be a T-group.  Therefore there is

a normal  subgroup  N / 1   of  G  such that  L/N  is of type 2°°; however this pre-

vents   G/N  from being a T-group.

Therefore  G   is a /NT-group and appears on  our list.   It temains to  discard

those /NT-groups  G which  have a factor group  G/N  such that  N / 1 and  G/N
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is not a T-group.  Here one must keep in mind that a soluble T-group   H is either

periodic or abelian  and that  [H , H\ cannot have an element of order 2.   This ex-

cludes types II, III, VI, VII and IX—recall that in type IX the  group  X cannot be

periodic.  There is no difficulty in verifying that the remaining types are //VT-

groups (in type VIII one must assume that X is a soluble T-group).

Locally finite /A/T-groups.   A good deal more  is known  about T-groups than

T-groups and one would hope for correspondingly more  information about /A/T-

groups.   For example, a locally finite T-group is soluble and therefore metabelian.

This is an easy  corollary of the well-known theorem of Huppert that a finite  group

with all of its proper subgroups supersoluble  is soluble [12, Satz 22]; see also

[191.
We shall  outline a method  of describing the locally finite /NT-groups that

are insoluble; this is based on the Fitting-Gol berg theory  of semisimple groups

(see [14, §61).  Let  G be a locally finite JNT-group which is insoluble.  Then

every proper factor group  of  G is metabelian  and  AI = G     is the monolith of  G.

Then   G acts irreducibly on  Al, i.e., Al  has no proper nontrivial   subgroups that

are G-admissible; in particular, Al  is characteristically simple.  Clearly  Al  is per-

fect and its centre is  1.  Thus  CG(Al) = 1, from which it follows that there is an

isomorphism of  G with a subgroup of Aut Al, the full automorphism group of  Al, in

which  Al  is mapped onto the  group of inner automorphisms  Inn Al.   Thus  one may

assume that

Inn Al < G < Aut Al.

Conversely,   let  AI  be a nonabelian, characteristically simple group which is

locally finite; let  G be a subgroup of  Aut Al  which contains  Inn Al  and acts  irre-

ducibly on  Inn AI; assume also that  G/Inn Al  is a T-group.   Then  in fact  G is a

JNT-group.  To prove this let   1 / N < G; if  N n (Inn Al) = 1, then   [N, Inn Al] = 1

and  [N, Al] < £(Al) = 1, which  shows that   N = 1.   Thus Inn Al < N by irreducibility

and  G/N is a T-group.   On the  other hand  G  is not a T-group since if it were,

Inn Al—and therefore  AI—would  be soluble.   Also  Inn Al  is the  monolith of  G.

Suppose that  G.  and  G.  are two isomorphic  groups obtained in this way from

groups  AI.   and  AL; then evidently  Al . m Al  .   If we  identify  Al.   and Al    and write

a for the isomorphism of G. with G , then a determines by restriction an automorphism

a* of AL. It is routine to check that ga - (<x*)~   ga , ig £ G.). This is summed up in

Theorem 4.   There is a one-one correspondence between  isomorphism classes

of insoluble, locally finite, J NT-groups with given monolith M  and conjugacy

classes of irreducible, locally finite T-subgroups of Out Al (the group of outer

automorphisms  of Al).

Of course it is by no means clear which groups  Al can arise here.  However

one  obvious candidate—and the  only one if  M  is finite or  merely possesses a
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minimal normal  subgroup—is a direct power of a nonabelian simple group H.   For

simplicity of presentation suppose we are dealing with finite /NT-groups.  Let M

be the direct product of 72  copies of H.  Then, as was shown by Fitting [5, Satz

12], Aut M sa (Aut H)   \    ^  and  Out M ~ (Out H)   \  S ; in these wreath products

Aut H and  Out H are in their tegulat representations and the symmetric group S

is in its natural permutation  representation.  The irreducible subgroups  of  Out M

correspond  in the  isomorphism to subgroups  of  (Out H)  \   S   which map onto

transitive subgroups of S   in che canonical homomorphism of (Out H) \   S   onto

S .
72

Thus a finite JNT-group is either soluble—and therefore of type I, IV, V ot

VIII—or insoluble, in which case it corresponds to a conjugacy class of irreducible

T-subgroups of (Out H) ~\. S    where H is a finite nonabelian simple group and n

a positive integer > 1.  However the problem of adequately desctibing all finite

J NT-groups remains open.
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